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Introduction 

In the last stock assessment of blue shark (Prionace glauca) in the North Pacific, age 

and sex-specific natural mortality (indicated as “M” hereafter) of this stock was used as the 

input data for Stock Synthesis model (Rice et al. 2014). In Rice and Semba (2014), the 

estimator by Peterson and Wroblewski (1984) and Chen and Watanabe (1986) and the growth 

equation by Nakano (1994) and Hsu et al. (2011) were used. The estimator of M applied is 

divided into weight-based (Peterson and Wroblewski 1984) and age-based (Chen and Watanabe 

1986). The age and sex-specific M based on the former estimator was adopted in the stock 

assessment with the assumption of maximum age of 30. However, in the calculation by Rice 

and Semba (2014), the coefficient assigned for the dry weight (1.92) was mistakenly applied to 

wet weight of North Pacific blue shark, instead of that for the wet weight (1.28), which needs to 

be corrected in the upcoming stock assessment. 

While the weight-based estimator has been widely applied in the stock assessment of 

fishery resources, the effect of variance of weight among individual is suggested to be large 

compared to that of body length. For example, large difference in weight would be expected 

between pregnant female and adult male with same age.  In this context, we show the age and 

sex-specific M based on the length-based method used in the stock assessment of Atlantic 

yellowfin tuna (Thunnus albacares) this year (Method 2 in Walter et al. 2016) as well as the 

modified M by Peterson and Wroblewski (1984). In addition, we calculated the age and sex-

specific M based on another estimators included in the review by Kenchington (2014) for 

comparison. Regarding growth curve necessary for the estimation of M, von Bertalanffy growth 

curve (VBGC) by Nakano (1994) and Hsu et al. (2011) are used for the sake of consistency with 

the past estimates. In addition, the estimates based on VBGC by Fujinami et al. (2016) is also 

indicated for reference.  

 

Methods 



Basic equation 

We show several equations necessary to estimate of natural mortality-at-age, below (i.e. growth 

curve, weight-length relationship, conversion equation between total length (TL) and precaudal 

length (PCL)). The parameter of VBGC (eq. 1) for each sex from Nakano (1994), Hsu et al. 

(2011), and Fujinami et al. (2016) is indicated below.  

Growth curve (von Bertalanffy (1938)) 

!"	(%&) = !)(1 − exp −/ 0 − 01 								(1)		

1. Nakano (1994) 

23!:	!) = 289.7, / = 0.129, 01 = −0.756						>?@A																 

23!:	!) = 243.3, / = 0.144, 01 = −0.849					DA&?@A													 

2. Hsu et al. (2011) 

E!:	!) = 375.8, / = 0.121, 01 = −1.554		>?@A																	 

E!:	!) = 317.4, / = 0.172, 01 = −1.123		DA&?@A												 

3. Fujinami et al. (2016)   

23!:	!) = 284.8, / = 0.117, 01 = −1.34		>?@A																	 

23!:	!) = 256.3, / = 0.147, 01 = −0.97		DA&?@A								 

,where !", !), / and 01 denote body length at age t, asymptotic length, von Bertalanffy growth 

coefficient and theoretical age at which the organism was 0 length, respectively. 

Body length used Nakano (1994) and Fujinami et al. (2016) is PCL, while that used in Hsu et al. 

(2011) is TL.  For unifying the body length, TL and PCL was converted using the conversion 

equation (eq. 2a, b) below;  

Length (PCL)-length (TL) (Nakano 1985) 

23!	 %& = 	0.762 ∗ E!(%&) − 0.2505																			(2?) 



E!	 %& = (23! + 0.2505)/0.762																											(2I) 

Sex-specific conversion equation between wet body weight (kg) and PCL (eq. 3) was cited from 

Nakano (1994) as follows;  

Wet weight (kg)-body length(PCL) relationship (Nakano 1994) 

J	(KL) = 	5.388 ∗ 10MN	23!O.P1Q	(%&)			>?@A													(3?) 

J	(KL) = 	3.293 ∗ 10MN	23!O.QQR	 %& 	DA&?@A													(3I)			 

,where W is body weight. 

Mortality estimator  

As empirical and theoretical estimator for age specific M commonly used, we focused on the 

method by Lorenzen (1996), Gislason et al. (2010) and Charnov et al. (2013) as well as that by 

Peterson and Wroblewski (1984) and Chen and Watanabe (1989). Regarding Peterson and 

Wroblewski (1984), the previous study used the dry weight (eq. 4), but this study used the wet 

weight (eq. 5). 

1. Peterson and Wroblewski (1984)  

>	(SA?TMP) = 	1.92 ∗ JM1.QR	(L)			UTS	VAWLℎ0Y											(4) 

>	(SA?TMP) = 	1.28 ∗ JM1.QR	(L)			JA0	VAWLℎ0Y											(5) 

2. Chen and Watanabe (1989) 

>	(SA?TMP)

= 	

/
1 − AMZ("M"[) 											(0 ≤ 0])

/
1 − AMZ "^M"[ + 0 − 0] /AMZ "^M"[ − 0.5 ∗ (0 − 0])Q/QAMZ("^M"[)

							(0 ≥ 0])
			 (6) 

0] = − 1
/ log 1 − A

c"[ + 01 



, where 0] is age at end of reproductive span, i.e. age at the intersection of the stable and 

senescent growth phases. 

3. Lorenzen (1996) 

>	(SA?TMP) = 	3.00 ∗ JM1.Qdd	(L)									(7) 

4. Gislason et al. (2010)  

>	(SA?TMP) = 1.73 ∗ E!MP.NP(%&) ∗ !)P.ee ∗ /												(8) 

5. Charnov et al. (2012) 

>	(SA?TMP) = (E!	(%&)/!))MP.R ∗ /									(9) 

6.    Method 2 in Walter et al. (2016)  

>	(SA?TMP) = >f(0ghi − 0j)

ln 	 @j
@j + !) exp / 0ghi − 0j − 1

ln @"
@" + !) exp / − 1 				(10)	

, where >f	is Target M defined as the M as obtained from an external study (Walter et al. 2016) 

and  0j  is the age at first full recruitment, @jis the body length at 0j,	@" is body length at age t, 

and  0ghi is the maximum age. As the base case here, we set Target M as 0.23 (Campana et al. 

2004),	0j as 0 (discussed later), 0ghi as 30 (Rice and Semba 2014, Rice et al. 2014). The 

concept of this method and derivation of equation (10) is described in Appendix 1. 

Throughout all estimators, growth parameter (!),	/,	01) were used from equation by Nakano 

(1994), Hsu et al. (2011), and Fujinami et al. (2016) indicated above. 

Given the uncertainty associated with the interpretation of 0j, age and sex-specific M by six 

different 0j (0~5) was calculated for the growth curve by Nakano (1994) and Fujinami et al. 

(2016). 

In addition, to check the effect of 0ghi, we also calculated age and sex-specific M by (1) six 

different 0j (0~5) assuming 0ghi=20 for the growth curve by Nakano (1994) and (2) three 



different 0ghi (20,24,30) for three VBGC (Nakano 1994, Hsu et al. 2011, Fujinami et al. 2016) 

assuming 0j=0 .  

 

Results 

Sex-specific growth curve based on Nakano (1994), Hsu et al. (2011) and Fujinami et al. (2016) 

indicated slight difference in growth rate between studies for female but almost same growth 

rate for male (Figure 1, Table 1).  

The revised M based on Peterson and Wroblewski (1984) was lower than the past estimates in 

both sex and growth curve. This is reasonable considering that the corrected coefficient (1.28) 

is smaller than that used in the past report (1.92). 

Estimates of age and sex-specific M based on growth curve by Nakano (1994) were indicated in 

Table 2 and Figure2.  In both sexes, M at age 0 is the highest in the estimates based on 

Charnov et al. (2012) and the second highest in that by Gislason et al. (2010). In general, M by 

length-based estimators were higher than those by weight-based estimators, while M by Chen 

and Watanabe (1989) and Walter et al. (2016) were intermediate, especially before M reaches 

at plateau. M at age 0 declined most steeply from a high of 0.37~4.50 (male) and 0.36~3.65 

(female) to approximately 0.20~1.40 (male) and 0.21~1.27 (female) at age 1. Thereafter M 

declined gradually for both sex by age at maturity to 0.10~0.34 (age 5 for male) and 0.09~0.29 

(age 6 for female). Subsequently, M showed slow decrease over lifetime of the fish in almost 

all estimators and below 0.2 for both sexes after age 10. 

Estimates of age and sex-specific M based on growth curve by Hsu et al. (2011) were indicated 

in Table 3 and Figure3.  As with the previous result, M at age 0 is the highest in the estimates 

based on Charnov et al. (2012) and the second highest in that by Gislason et al. (2010) in both 

sexes, but the absolute value was smaller than those based on Nakano (1994)’s growth curve. 

Relative relationship between length-based and weight-based estimates were similar with the 

case in the growth curve by Nakano (1994). M at age 0 declined most steeply from a high of 



0.23~1.70 (male) and 0.26~2.34 (female) to approximately 0.16~0.88 (male) and 0.17~1.02 

(female) at age 1. Thereafter M declined gradually for both sex by age at maturity to 0.09~0.30 

(age 5 for male) and 0.08~0.29 (age 6 for female). Subsequently, male M showed slow decrease 

and stabilized around 0.1 after age 20 in all estimators. Female M showed similar trend with 

males but estimates based on Chen and Watanabe (1989) showed increasing trend from 0.20 to 

0.55 after age 20.  

The effect of  0j in the method by Walter et al. (2016) was shown in Figure 4 and calculated 

value is indicated in Appendix 2. M with assumption of  0j = 0 is the lowest and that of  0j=5 is 

the highest of all estimate in both sexes. Especially, estimates with assumption of  0j = 4 and  

0j = 5 was closely similar, while difference of 0j between 0 and 2 was moderate in both sexes.  

If 0ghi changed from 30 to 20, M got smaller in every 0j for both sexes (Figure 5). The 

estimates for three different 0ghi for 3 VBGC with  0j=0 is shown in Appendix 3. 

 

Discussion 

 Regardless of sex and growth curve used, estimates by Charnov et al. (2012) and 

Gislason et al. (2010) were much higher than other estimates. These are length-based estimates 

and also based on the regression between empirical value of M and length from variety of 

organism (e.g., sand eel, herring, and seahorse).  Application of empirical value from taxa 

totally different from shark might affect this high M observed in early ages. Although empirical 

information on M at early ages in blue shark is lacking, M at age 0 by Charnov et al. (2012) and 

Gislason et al. (2010), indicating 1.7~4.5 in the former and 1.3~3.7 in the latter, would be 

unrealistic, given the empirical estimate of M at age 0 for bluefin tuna (1.6), yellowfin tuna 

(lower than 0.8 except for M in 21-30 cm folk length) and bigeye tuna (0.15 - 0.9 for size 

classes >40 cm folk length) (Hampton 2000, Mangel et al. 2010). Although M in later age was 

low and similar among estimators, unrealistically high M at earlier age might influence the 

result of stock assessment. 



 The moderate M observed in estimator of Chen and Watanabe (1989) and Walter et al. 

(2016) might because they are length-based method with theoretical approach (not affected by 

empirical value). Regarding Chen and Watanabe (1989), the high value obtained from after age 

20 in female for Hsu et al. (2011) was suggested to be unlikely and disregarded in Rice and 

Semba (2014). Although increase of M due to senescence has been widely discussed, the degree 

of increase indicated here contain large uncertainly because long lived elasmobranchs are 

expected to have a relatively low M, particularly once they reach larger sizes (Rice and Semba 

2014). Estimates by Walter et al. (2016) ranges from 0.7 and 1.0 depending on the growth curve 

used and do not show increasing trend observed in Chen and Watanabe (1989). Thus, within 

length-based estimator, method by Walter et al. (2016) may provide reasonable estimates of M.  

 Weight-based estimator provided relatively low M and revised estimates from Peterson 

and Wroblewski (1984) was the lowest of all estimates. Mean M across ages (i.e., constant M) 

from revised Peterson and Wroblewski (1984) and Lorenzen (1996) is 0.08-0.09 for Nakano 

(1994) and 0.08 for Hsu et al. (2011) in the former estimator and 0.14 for Nakano (1994) and 

0.13 for Hsu et al. (2011) in the latter estimator, respectively. This is lower than constant M 

estimated for Lamna nasus (0.18, Aasen 1963), which seems unlikely given the life history 

parameter and fecundity of L. nasus. Given that estimator by Peterson and Wroblewski (1984) 

also relies upon the empirical value of M and weight for a wide variety of animals including 

chaetognatha and larval fish and most data consists of dry weight lighter than 1 kg, the 

application of this estimator might increase uncertainty on the M of blue shark.  

 In application of Walter’s method, we set >f as 0.23 and 0j as 0. Regarding>f, we 

regarded that constant M from meta-analysis by Campana et al. (2004) would be reasonable 

because it covers various parameter of this species and several estimators of M. Although we 

did not check the target age/size for which each estimator in this meta-analysis covered, we 

selected 0j=0, given the situation that constant M has been applied to all ages in the stock 

assessment in practice. If the estimator included in this meta-analysis only cover adult or 

juvenile, our assumption (i.e., 0j=0) may affect the results. Considering the room for discussion 



on the value of 0j, arising from the original definition in Walter et al. (2016), we showed the M 

on various 0j	(0~5) in the appendix2 and 4. Although the effect of 0j and 0ghi was not so large, 

the assumption of >f is suggested to have impacts on the results. 

 In this document, we reviewed the previous estimator of age and sex-specific M and 

compared the estimates based on length- and weight- based estimators. The estimator based on 

regression analysis for empirical value would cause over or under estimation for M when 

applied to group which is not covered in the original data. Given the discussion above, we 

suggest that age and sex-specific M based on method2 in Walter et al. (2016) is worth to be 

discussed when inputted into stock synthesis modelling. Regarding the growth curve to be used 

for the estimation, it is suggested that Fujinami et al. (2016) equation provided plausible 

estimates throughout the life span of the North Pacific blue shark, when applied to Walter’s 

method with  0j=0. As there are room for discussion over both estimator and parameter such as 

0j and 0ghi, we hope this document is used as the tool for further discussion for the upcoming 

stock assessment of this stock.  
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Table 1. Length at age by sex for growth curve by Nakano (1994), Hsu et al.(2011), and 

Fujinami et al. (2016). Body length is converted into PCL. 

Age Nakano
(1994)	Male

Nakano
(1994)	Female

Hsu	et	al.
(2011)	Male

Hsu	et	al.
(2011)	Female

Fujinami	et	al.
(2016)	Male

Fujinami	et	al.
(2016)	Female

0 26.9 28.0 48.8 42.2 41.3 34.1
1 58.7 56.9 75.9 73.7 68.2 64.4
2 86.7 81.9 99.8 100.3 92.1 90.7
3 111.2 103.5 121.1 122.6 113.4 113.3
4 132.8 122.3 139.9 141.4 132.3 132.9
5 151.8 138.5 156.5 157.2 149.2 149.7
6 168.5 152.6 171.3 170.6 164.1 164.3
7 183.2 164.7 184.4 181.8 177.5 176.9
8 196.1 175.3 196.0 191.2 189.3 187.7
9 207.4 184.4 206.3 199.2 199.9 197.1
10 217.4 192.3 215.4 205.9 209.2 205.2
11 226.1 199.1 223.4 211.5 217.6 212.2
12 233.8 205.1 230.6 216.3 225.0 218.2
13 240.6 210.2 236.9 220.3 231.6 223.4
14 246.5 214.6 242.5 223.7 237.5 227.9
15 251.7 218.5 247.5 226.5 242.7 231.8
16 256.3 221.8 251.9 228.9 247.3 235.1
17 260.4 224.7 255.8 230.9 251.5 238.0
18 263.9 227.2 259.2 232.6 255.2 240.5
19 267.0 229.3 262.3 234.0 258.4 242.7
20 269.8 231.2 265.0 235.2 261.3 244.6
21 272.2 232.8 267.4 236.2 263.9 246.2
22 274.3 234.2 269.5 237.1 266.2 247.5
23 276.2 235.5 271.4 237.8 268.3 248.7
24 277.8 236.5 273.1 238.4 270.1 249.8
25 279.3 237.4 274.6 238.9 271.7 250.7
26 280.5 238.2 275.9 239.3 273.2 251.4
27 281.6 238.9 277.1 239.7 274.5 252.1
28 282.6 239.5 278.1 240.0 275.6 252.7
29 283.5 240.0 279.0 240.2 276.6 253.2
30 284.2 240.4 279.8 240.5 277.5 253.6



Table 2. Natural mortality-at-age by sex for each estimator, based on the growth curve by Nakano (1994). 
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Table 3. Natural mortality-at-age	by sex for each estimator, based on the growth curve by Hsu et al. (2011).
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Figure 1. Growth curve by sex by Nakano (1994), Hsu et al. (2011), and Fujinami et al. (2016). 
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Figure 2. Natural mortality at age for male (upper) and female (below) blue shark by each estimator, based on 
the growth curve by Nakano (1994). 
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Figure 3. Natural mortality at age for male (upper) and female (below) blue shark by each estimator, based on 
the growth curve by Hsu et al. (2011).  
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Figure 4. Natural mortality at age for male (upper) and female (below) blue shark by each  !", based on the 
growth curve by Nakano (1994). 
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Figure 5. Natural mortality at age for male (upper) and female (below) blue shark by each  !", based on the 
growth curve by Nakano (1994) with assumption of !#$%=20. 
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Appendix 1. Concept of Method 2 in Walter et al. (2016) and derivation of equation (10) in Methods. 

Concept of Method 2 by Walter et al. (2016) 

This method consists of 2 step; 

Step1: M per unit length (M_unitL: theoretical value) is calculated based on Target M. 

Step2: Age-specific M is estimated based on the length at age using VBGC. 

M_unitL depends on !" and !#$%. Only VBGC is available for growth curve at present. 

As geometric interpretation of this method, one can distribute the area of rectangle encompassed by Target  

M, !" and !#$% for each age (in originally meaning, length). Thus, the area of red color is equal to that of green  

color in the figure below. Thereby, survival rate at !#$% is guarantee to be equal to that when Target M is  

applied. 

  

Appendix Figure 1. Diagram of Method 2 in Walter et al. (2016). Solid curve is age specific M with !" = 0. 

 

Derivation of equation (10) 

According to the equation for estimating M which takes into account the variation by growth (Lorenzen  

2000, 2005), Survival rate (S)) between !"	+,-	!#$% can be expressed as follows, 

. =
/"

/" + 12 exp 6(!#$% − !") − 1

;<=<
>?@

										(1)	

, where 12 is asymptotic length, 6 is von Bertalanffy growth coefficient, AB is M  by unit length (/B).  /" is the  
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body length at !". When VBGC is substituted into /" and then equation (1) can be transformed as follows, 

/" = 12 	1 − exp −K !" − !D 								(2) 

Given that mean of natural mortality between !" and !#$% is expressed as Target M (AF), survival rate (.)  

between !" and !#$% is expressed as follows, 

. = exp −AF !#$% − !" 								(3) 

Assuming that survival rate (.) derived from A (equation 1) and that (.) derived from AF (equation 3) is  

equal, 

. = exp −AF !#$% − !" =
/"

/" + 12 exp 6(!#$% − !") − 1

;<=<
>?@

						(4) 

 ,which can be transformed as follows, 

AB/B =
−AF126(!#$% − !")

ln 	 /"
/" + 12 exp 6 !#$% − !" − 1

													(5) 

Same as derivation of equation 1, survival rate (.)) between ! and ! + 1 is expressed as  

S) =
/)

/) + 12 exp 6 − 1

;<=<
>?@

								(6) 

Because the relationship between survival rate and natural mortality can be described as  

S) = exp −A) 												(7) 

, where	A) denotes natural mortality at age !. From equation (6) and (7), natural mortality is expressed as  

A) =
−AB/B
126

ln
/)

/) + 12 exp 6 − 1
								(8) 

If equation (5) is substituted in equation (8), 	

	

A) =
AF(!#$% − !")

ln 	 /"
/" + 12 exp 6 !#$% − !" − 1

ln
/)

/) + 12 exp 6 − 1
				(9)	

is derived. 
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Appendix 2. Natural mortality-at-age by sex estimated by the method of Walter et al. (2016) for various!", based on the growth curve by Nakano (1994). 
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Appendix 3. Natural mortality-at-age by sex estimated by the method of Walter et al. (2016) for various!#$%, based on three VBGC with assumption of 
!"=0. 
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Appendix 4. Natural mortality-at-age by sex estimated by the method of Walter et al. (2016) for various !", based on the growth curve by Fujinami et al. 
(2016). 
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